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. 1 , 2 ,
3 ,
$K(k)|$ $:=$ $\int_{0}^{\pi/2}\frac{d\varphi}{\sqrt{1-k^{2}\sin^{2}\varphi}}$ , $k\in[0,1)$ ,
$E(k)$ $:=$ $\int_{0}^{\pi/2}\sqrt{1-}$2 $\sin^{2}\varphi d\varphi$ , $k\in[0,1)$ ,
$\Pi(\nu, k)$ $:=$ $\int_{0}^{\pi/2}\frac{d\varphi}{(1+\nu\sin^{2}\varphi)\sqrt{1-k^{2}\sin^{2}\varphi}}$ , $k\in[0,1)$ ,
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.$E( O)=K(0)=\frac{\pi}{2}$ , $E(1)=1$ , $K(k)\sim\log(4(1-k^{2})^{-1/2})$ as $karrow 1$ .
.
$sn(x, k)$
$sn$ $-1(z, k):= \int_{0}^{z}\frac{d\xi}{\sqrt{(1-\xi^{2})(1-k^{2}\xi^{2})}}$ , $z\in[0,1],$ $k\in[0,1)$ ,
$[0, K(k)]$
. $l\sim,$ $cn(x, k)$
$cn^{2}(z, k)=1-sn^{2}(z,$ $)$ .
. , sn$(x, 0)=\sin x$ , cn $(x, 0)=\cos x$ ,
$karrow 1$ , sn $(x, k)$ , cn $(x, k)$ $\infty$ .
, ,
$K(k),$ $E(k),$ $\Pi(*, k),$ $k$ , , ,
. , $\Pi(\nu, k)$ $\nu$





. , . ,
.
, , , $K(k),$ $E(k)$ ,
$k$ , . , $K,$ $E$




$( \text{ ^{}4}-k^{2}+1)(\frac{E(k)}{K(k)})^{4}-2(1-$ $2)$ $(2-k^{2})( \frac{E(k)}{K(k)})^{3}+6(1-k^{2})^{2}(\frac{E(k)}{K(k)})^{2}$








. , $E$ ( )/K(k)





$+2(2-k^{2})(1-k^{2})^{2}U-(1-k^{2})^{3}>0$ , $k\in(0,1),$ $\underline{g}(k)\leq U\leq\overline{g}(k)$
.
, , $\underline{g}(0)=\overline{g}(0)=1$ ,
$R(k, \overline{g}(k))>0$ , $k\in(O, 1)$ ,
$R(1, U)>0$ , $U\in(O, 1)$ ,
$R(k, \underline{g}(k))>0$ , $k\in(O, 1)$
, $R(k, U)$ , $\{(k, U):k\in(O, 1), \underline{g}(k)<U<\overline{g}(k)\}$
, ,
$(R_{k}(k,$ $U),$ $R_{U}(k,$ $U))\neq(0,0)$ , $k\in(0,1),$ $\underline{g}(k)<U<\overline{g}(k)$ .
.
, $\underline{g}(k),$ $\overline{g}(k)$ , , ,
2 . , ,
,
4 .
, $\underline{g}(k),$ $\overline{g}(k)$ , .
2006 , $E(k)/K(k)$ , $[0,1]$
$E(k)/K$ ( ) , ([MMY2006]). ,
$\frac{E(k)}{K(k)}\sim\frac{1}{\log(4(1-\text{ ^{}2})^{-1/2})}$ as $karrow 1-0$
, $k=1$ . , $(1-k^{2})^{1/2^{n}}(n=$
$1,2,$ $\cdots)$ .
, $E(k)/K(k)arrow 0(karrow 1-0)$ , $E(k)/K(k)|_{k=1}:=0$ ,
E(k)/K( ) $[0,1]$ .
$a>b>0$ ,
$a_{\ell+1}= \frac{a_{\ell}+b_{\ell}}{2}$ , $b_{\ell+1}=\sqrt{a_{\ell}b_{\ell}}$ , $c_{\ell+1}= \frac{a_{\ell}-b_{\ell}}{2}(\ell=0,1,2,3, \cdots)$
$a_{0}=a,$ $b_{0}=b,$ $c_{0}=\sqrt{a^{2}-b^{2}}$.
127
. AGM $($ a $,b)$ $\langle$ . 1818 , Gauss $([TI2007], [E1976])$ .
Theorem A. $a=1,$ $b=\sqrt{1-h}$ . ,
$\frac{E(\sqrt{h})}{K(\sqrt{h})}=1-\sum_{\ell=0}^{\infty}2^{\ell-1}c_{\ell}^{2}$ .
, AGM(a,b)





1 $)$ $n$ , :
$\underline{g}_{n}(h)\leq E(\sqrt{h})/K(\sqrt{h})\leq\overline{g}_{n}(h)$ $h\in[0,1]$ .
, $\underline{g}_{n}($ $)$ $h=0,1$ , $\overline{g}_{n}($ $)$ $h=0$
.








, $\underline{g}_{n}(h),$ $\overline{g}_{n}($ $)(n=1,2,3)$ .
$\ovalbox{\tt\small REJECT}$ , $)$ $=$ $1- \frac{\text{ }}{2}$ ,
$\ovalbox{\tt\small REJECT}$
$)$ $=$ $($ 1 $)^{1/2}$ , $)$ $=$ $\frac{1}{2}-\frac{\text{ }}{4}+\frac{(1-\text{ })^{1/2}}{2}$ ,
$\underline{g}_{2}(h)$ $=$ $(1$ - $)^{1/4}+(1$ - $)^{3/4}$ $\overline{g}_{2}$ $($ $)=$ $\frac{1}{4}-\frac{h}{8}-\frac{(1-\text{ })^{1/2}}{4}$
$-(1-h)^{1/2}$ , $+ \frac{(1-h)^{1/4}}{2}+\frac{(1-h)^{3/4}}{2}$ .
, .
$($ $2-$ $+1)( \frac{E(\sqrt{\text{ }})}{K(\sqrt{\text{ }})})^{4}-2(1-$ $)$ (2– ) $( \frac{E(\sqrt{\text{ }})}{K(\sqrt{\text{ }})})^{3}+6(1$ - $)^{2}( \frac{E(\sqrt{\text{ }})}{K(\sqrt{h})})^{2}$
$+2$ (2– ) $(1$ - $)^{2}( \frac{E(\sqrt{\text{ }})}{K(\sqrt{\text{ }})})-(1$ - $)^{3}>0$ , $\in(0,1)$
$\underline{g}($ $)=\sqrt{1-\text{ }}$ , $\overline{g}($ $)=1$ . $$ ,
$\underline{g}(h)<\frac{E(\sqrt{h})}{K(\sqrt{\text{ }})}<\overline{g}($ $)$ , $0<$ $<1$
129
,$R($ $, \overline{g}(h))=R(h, 1)=h^{3}>0$ , $0<h<1$ ,
$R(1, U)=U^{4}>0$ , $0<U<1$ ,
$R($ $, \sqrt{1-\text{ }})=(1-h)^{2}(1-\sqrt{1-\text{ }})^{4}>0$, $0<h<1$ .
. , ,
$R_{h}($ $, U)=0$ , $R_{U}($ $, U)=0$
$0<$ $<1,0<U<1\iota_{\sim}$ $(h, u)=(1/2,1/2)$ .
, $R(h, U)$ $\{(h, U):0<$ $<1, \underline{g}(h)<U<\overline{g}(h)\}$
. , .
, , $K,$ $E$
. , $E(k)/K(k),$ $E(k)$ , $U:=$
E( )/K $(k),$ $V:=E($ $)$ , 3 $($ $, U, V)$ .
, E( ) .
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